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On the Two-Dimensional Stochastic Ising Model in the
Phase Coexistence Region Near the Critical Point
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We consider the two-dimensional stochastic Ising model in finite square A with
free boundary conditions, at inverse temperature > f. and zero external field.
Using duality and recent results of Ioffe on the Wulff construction close to the
critical temperature, we extend some of the results obtained by Martinelli in the
low-temperature regime to any temperature below the critical one. In particular
we show that the gap in the spectrum of the generator of the dynamics goes to
zero in the thermodynamic limit as an exponential of the side length of 4, with
a rate constant determined by the surface tension along one of the coordinate
axes. We also extend to the same range of temperatures the result due to
Shlosman on the equilibrium large deviations of the magnetization with free
boundary conditions.

KEY WORDS: Stochastic Ising model; phase coexistence; relaxation time;
spectral gap; surface tension; large deviations.

INTRODUCTION

In the last two years there has been considerable progress in the detailed
description of the two-dimensional kinetic Ising model inside and outside
the phase coexistence region.

When the inverse temperature § and the external field /4 are such that
there is no phase transition, it has been finally established that the relaxation
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time (which in our discussion we take as the inverse of the gap in the spec-
trum of the generator of the dynamics) of any Glauber-type dynamics in a
finite rectangle is bounded from above uniformly in the size of the rectangle
and in the boundary conditions. Such a bound was first proved for g < f,
and arbitrary & or h5£0 and f> . (see refs. 15, 13, and 14) and only
recently it has been extended to any f> §. and arbitrary A #0."'"’ Here f,
denotes the critical point.

On the other hand, when 2=0 and f>f., the infinite-volume
Glauber dynamics is no longer ergodic due to the existence of two extremal
Gibbs states and one easily realizes that the relaxation time in an Lx L
square with free boundary conditions diverges when L — 0. In ref. 11 (see
Theorem 4.2) the precise logarithmic asymptotics of the gap was computed
for f> f. and found to be

gap(L, free boundary conditions ) ~exp[ — fz,(0) L]

where 7,(0) stands for the surface tension in the direction of one of the
coordinate axes. A similar behavior has recently been proved in ref. 6 for
other boundary conditions that, roughly speaking, do not favor either one
of the two phases, without, however, a precise estimate of the rate constant.

The picture of the relaxation to the Gibbs equilibrium measure that
comes out of the results of ref. 11 and subsequently substantially improved
in ref. 12, is the following: the system first relaxes rather rapidly to one of
the two phases and then it creates, via a large fluctuation, a thin layer of
the opposite phase along one of the sides of 4. Such a process requires
already a time of the order of exp!##® 1. After that, the opposite phase
invades the whole system by moving, in a much shorter time scale, the
interface to the side opposite to the initial one and equilibrium is finally
reached. Once this picture is established it is not difficult to show that,
under a suitable stretching of the time by a factor a(L) xexplP#® L] the
magnetization in the square A behaves in time as a continuous Markov
chain with state space { —m*, +m*} and unitary jump rates, where m* is
the spontaneous magnetization (see Theorem 6.1 of ref. 11).

The key ingredients of the results in ref. 11 were as follows:

(1) A geometric bound on the gap in the spectrum of the generator
of the dynamics in a rectangle.

(ii) Some detailed equilibrium estimate on the fluctuations of a
horizontal interface of length L.

(iii) A precise estimate of the equilibrium probability of having
anomalous magnetization m ,(c) € (—m*, m*).
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The first was borrowed from a clever technique to bound from below
the spectral gap of symmetric Markov chains on complicated graphs intro-
duced in ref 9 in the framework of hard computational problems. It is
important for us that its validity is independent of §. The second and third
were available at low enough temperature thanks to the results of refs. 2
and 17 on the rigorous Wulff construction. Here the requirement of large
B was quite essential since most of the results in ref. 2 were obtained
through cluster expansions methods.

Recently, however, there has been remarkable progress in the rigorous
theory of the Wulff construction for any g > f8,, using the powerful methods
of duality.”-® Duality had already played a relevant role in the approach
to the Wulff construction and phase separation developed in ref. 16 for the
2D Ising model with + boundary conditions at low temperature and the
main contribution of the above two papers was to combine it with the
Fortuin—Kasteleyn representation of the Ising model to push some of the
most relevant results of ref. 16 up to the critical point excluded. The ideas
and techniques developed in these two papers were also fundamental to the
analysis of metastability for the 2D Ising model very close to the line of
first-order phase transition.’?" Relevant simplifications of the techniques of
refs. 7 and 8 can be found in refs. 19 and 20.

In this paper we use duality techniques to extend up to S, the basic
estimates (ii) and (iil) above. As a consequence we compute for any > j.
the logarithmic asymptotics of the relaxation time in the thermodynamic
limit and show that it has the same form as the one computed in ref. 11.
Our result, however, is stated in a slightly weaker form than the corre-
sponding one in ref. 11 since we do not give any explicit bounds on the
finite-volume correction. This i1s due to the fact that, contrary to what
happens in the low-temperature regime, where the powerful methods of
cluster expansion are available, duality methods so far seem able to provide
good estimates on the fluctuations of an interface only when these are of
the same order of magnitude as the length of the interface itself.

Once we have (ii) for any f> f,, it follows from the same technique
described in Section 3 of ref. 11 that if we replace on one side of the square
A the free boundary conditions with plus b.c., then the relaxation time of
the new system becomes much smaller than it was before and in particular
it can be bdunded from above by an exponential in L with a rate that
vanishes in the thermodynamic limit. Using this result, one could extend up
to B, the results of Section 6 of ref. 11 on the Markov chain description of
the magnetization mentioned above. We decided, however, to skip this part
in order to avoid too much repetition.

We conclude this introduction with a brief summary of the various
sections. In Section 1 we fix the notation and state the major result. In
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Section 2 we recall the main steps of the argument given in ref. 11 and
prove the main theorem assuming three key propositions. In Section 3, the
core of the paper, we prove the main technical estimates. In Section 4 we
use the results of Section 3 to give the proof of two of the three proposi-
tions used in Section 2. In Section 5 we prove the last proposition of Sec-
tion 2 by extending to any f> f8, the result of ref. 17 on the large devia-
tions of the magnetization with free boundary conditions.

1. NOTATION AND RESULTS

1.1. General Definitions

We consider the two-dimensional lattice Z2, whose elements are called
sites, and its dual Z2 =Z?+(1/2, 1/2). For x, y € R* we define the distances

dlx, y)=|x-yl= Z |x; — yil

i=1

2 1/2
d(x, y)=|x—y|2=<z |~vi—yi|2>

i=1

[x, y] is the closed segment with x, y as its endpoints. The edges of Z*(Z2)
are those e =[x, y] with x, y nearest neighbors in Z*(Z%). Given an edge
e of Z*, e* is the unique edge in Z7 that intersects e. The boundary of an
edge e =[x, y] is e ={x, y}. The boundary of a subset of edges « is the set
of sites da that belong to an odd number of edges of a. A set of edges is
called closed if its boundary is empty. We denote by &, the set of all edges
such that both endpoints are in 4 and by &, the set of all edges with at
least one endpoint in A. Conversely, for a set of edges X, ¥ (X) stands for
the set of all sites which are endpoints of at least one edge in X.

Given A = Z? we let A°=7Z’\A and define A* as the set of all xe Z3
such that d(x, 4)=1. The set of the dual edges is defined as

6% ={e* ecé,}

Notice that, in general, §% = &,. (the equality holds, for instance, in the
case of rectangles). We will often consider our model on a (2L +1)x
(2M + 1) rectangle

Q1 w={(x,,x)eZ* —L<x; <L, —-M<x, <M}
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Fig. 1. The interior of a closed set of dual edges.

Q, stands for Q, ,. If A is finite, we write 4 == Z*>. The cardinality of A
is denoted by |A4|. We define the boundaries

dAd={xed:dx, A)=1)
0tA={xeAd(x, A)=1}
dA={e*:ecE\E,)

(X1, X,,) 18 called a path from x, to x, if |x;,,—x;|=1fori=1,.,n~1.
A =-path is the same as a path with |x;_, — x;| =1 replaced by |x,— x;, ,|. €
{1,/2}. A (%) path is called self-avoiding if x; # x; for all {i, j} such that
i#jand {i j} #{1,n}. If x, =x, the (x-) path is called closed.

We say that 4 = Z2 is connected (*-connected) if for all x, y in A there
exists a path (#-path) from x to y which is entirely contained in 4. We call
A<= 7?2 simply connected if A° is connected. A set of edges « is connected
if the union of all its edges is connected in R

If x = &%: is a finite, closed set of dual edges, then we define the inte-
rior of o as the set of all sites x = (x,, x,) € Z? such that the half-line

{x,} x[x,, +00)

intersects « in an odd number of points (see Fig. 1).
The interior of « is denoted by int a.

1.2. The Ising Model

We consider the standard 2D Ising model with configuration space
Q={—-1,+1}%, or Q,={—1, +1}¥ for some ¥V Z> An element of Q,
will usually be denoted by o ={a(x), xe V}. f Uc VcZ?and e, we
denote by o the restriction of ¢ to the set U. If U, V are disjoint, o,7,
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is the configuration on Uu V which is equal to (...guess what) ¢ on U and
non V.

Given ¥V cc Z* and some boundary condition (b.c.) e, we consider
the Hamiltonian

—H}No)=3% Y Jx plo(x)a(y)—1)

+ X Jp)ex)n(y) =1 (L1)

xelV vel*
Ix—r»=1

The coupling J has been introduced for technical reasons, but our main
result is for J=1. We always assume 0 <J(x, y) for all x, y.

For further convenience we define the Hamiltonian with free boundary
conditions using a different normalization

~H2(0)=5 Y Jx y)a(x)a(y) (1.2)

xorelV
Jx— x|l =1

The partition function is given by

Z/!.J.l/( V)= Z CXp[—,BH',/}”(J)] (13)

age2y

When J(x, y)=1 for all x, y, we drop the superscript J. We sometimes
consider also the Hamiltonian with free b.c. on a restricted set of bonds: If
X c &, we write

—H1.%0o)= Y Jx, y)a(x)a(p) (1.4)

[x.y]eX

Of course this is equivalent to having J(x, ¥)=0 unless [x, y]e€ X. The
partition function corresponding to (1.4) is denoted by Z*/2(V, X).

When V is a rectangle V=0, ,,, we define the [£] boundary condi-
tion by [let x=(x,, x,)]

(1.5)

-1 if xoa2M—k+1
[I‘](")_{H it o, <M—k

so, in particular, [0] b.c. means —1 on the top side of the rectangle and
+1 on the remaining three sides. A rectangle V has a é-boundary oV



2D Stochastic Ising Model 61

consisting of a top, bottom, left, and right sides, which we denote, respec-
tively, with 9, V, 6, V, J,V, and 4, V. So, for instance,

0,Qr.m={e=[xy1*: [x yI=[0 M), (j, M+ 1)] j=—L,. L}

In the following we will often choose J=1 everywhere with the exception
of one or more sides of a certain rectangle, where we take J=¢. So we
introduce the notation

e if [x,y]*edV
JE, - :
(Vox )= {1 otherwise
i %
JU(V:x, y) = {8 if [x, y]*ed,Vus,V
1 otherwise
(1.6)
e if [x,y]1*edV\o,V
(V
TV x ph= {1 otherwise
if [x.y]*edV\s,V
NV
e = {1 otherwise

The (finite-volume) conditional Gibbs measure associated with the
Hamiltonian (1.1) is defined as

(2777 (V)" exp[ —BH L (0)]
Wi (o) = if o(x)=1(x)forall xe V* (L.7)
0 otherwise

The expectation with respect to the measure (1.7) is denoted by E4 ().
The set of measures (1.7) satisfies the DLR compatibility conditions

Z wh 7 (g ) ub: 27 (a) VVecdccZ? (1.8)

a' e

One introdutes a partial order on €, by saying that o <o’ if o(x) <o'(x)
forall xe V. A function /> Q. — R is called monotone incr easing (decreasing)
if o<d’ implies f(o)< f(6')f(o)= f(d')). An event is called positive
(negative) if its characteristic function is increasing (decreasing). Given two
probability measures g, 4’ on Q,, we write u<p' if p(f)<p'(f) for all
increasing functions f [by u(f) we denote the expectation with respect
toul.
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In the following we will take advantage of the FKG inequalities,'®

which state that:
(1) Ifﬂgn” then/t/f/“,‘ﬂsﬂﬁij‘”l_
(2) If fand g are increasing, then Ef7*(fg) 2 E&""(f) EL:"*(g).

The Surface Tension. We denote by 7,(3) the surface tension at angle
9 (0 <9 <7/2), which measures the free energy of an interface in the direc-
tion orthogonal to the vector ng=(cos 9,sin 9). We refer the reader to
ref. 16 for a precise definition. In the standard Ising model we have, by
symmetry,

We extend 7, to a function on R? by setting

(x) = x| al
TAAX)=|X]|»T _—
r 2p |x|z

We also let for simplicity
=109 =0)=14(I=n/2)
For the reader’s convenience we recall (see Lemma 6.3 in ref. 16) that
E/; @o(x) o(y) Sexp[ —f*tpe(x — ¥)] (1.10)

where f* is the dual value for # [see (1.19)]. We are also going to make
use of the so-called sharp triangle inequality (Lemma 2.1 of ref. 7), which
in particular implies that if f> f., there exists D(f) >0 such that

T 3) = 1408 9+ D(f) sin?(9/2) (1.11)

As a consequence of (1.11) and (1.9) we have

149)>—L (112)

NG

For further relevant properties of the surface tension the reader is again
referred to ref. 16.

1.3. Contours

We use the contour representation with the so-called splitting rules
(see, for instance, ref. 2). Given (o, #, 4), we define #7(o) as the set of all
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unsatisfied edges in &% of the configuration ¢ subject to b.c. #, ie., if
p =041 4, then

B0y ={e*=[x, y]*e&%: p(x) #p( 1)}

If the bc. 7 1s + (or —), then #%{0o) is closed, while in general it has a
nonempty boundary. We have the following result.

Proposition 1.1. If 4ccZ? neQ, then:
(i) The boundary of (o) does not depend on o, so in particular
0B (o) =0B"(+1).
(il) 04" (o)c A*.
(i} If A is simply connected, 48" is a one-to-one mapping from Q
onto the set

(X< 6% 6X=0R"(+1)}

Parts (i) and (ii) are straightforward. For (iii) see, for instance,
Lemma 6.1 in ref. 12, which deals with the case = + 1 (the generalization
is easy).

It is useful to decompose #” (o) and in general an arbitrary set X of
dual edges as a collection of contours y,

X=y,u .- Uy, (1.13)

which have the advantage that they can be associated with simple self-
avoiding (open or closed) curves in R% Decomposition (1.13) is intuitively
obtained by cutting all three- and four-edge meetings along the southwest
to northeast direction. More precisely, we first consider the subset of R,

2= e

Then, at each dual site where three or four edges of X meet, we operate the
rounding the corner operation shown in Fig. 2.

+JFT_F
L b -

Fig. 2. The splitting rules.




64 Cesi et al.

b apE Db a0
R e

Fig. 3. An example of operating the splitting rules.

e

In this way we obtain another subset X of R? whose Hausdorff dis-
tance from X is less than, say, 1/3. Now X can be decomposed as a union
of its connected components X= Y, u --- U Y,. Finally, we define y, as the
set of all edges which “belong” to Y, ie,

yi={e€ X: the Hausdorff distance of e from Y, is less than 1/3}

Figure 3 shows a set of edges on the left and the corresponding collection
of contours on the right.

We now give an independent definition of contours and we introduce
the notion of compatibility between contours in such a way as to have a
one-to-one correspondence between sets of edges and compatible collec-
tions of contours.

Let us denote by é,, é,, é,, and é, the unit vectors in R? pointing in
directions respectively north, south, east, and west. Let also é,(x) be the
edge whose endpoints are x and x + é, (and similarly for the other direc-
tions). To each edge e we associate a set of three edges 4(e) given by

~ A

e (x))=Eé (x)Ué x)Ué (x+8é,)
Aé,(x) =8 (x)Ué (x)Ué,(x+é,
The elements in 4(e) are said to be forbidden by e (for reasons which will

become clear when the “compatibility” is introduced). We extend the
notion of forbidden edges to contours by setting

4(y) =) 4le)

cey

The definition of 4(e) is such that, for any two edges e, ¢’ we have

A(e)se’ if and only if eed(e')
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Given a set E of edges (or dual edges), a contour in E is a finite sequence
of elements of E, y=(e,,..., e,), such that it is possible to write e;=[x;, y;]
and (1) all edges e, are distinct, (2) y,=x,., and (3) for any two noncon-
secutive edges e, ¢’ we have e¢ 4(e’').

If x, =y,, the contour is called closed, otherwise it is open. We do not
distinguish between two contours with the same set of edges. The represen-
tation (e,,.., €,) of y is thus always to be interpreted modulo a reversal of
the ordering of the edges and, for closed contours, modulo a cyclic permu-
tation. Two edges e and ¢’ are said to be consecutive in a contour y if they
are consecutive in at least one representation.

We will sometimes use the same symbol y to denote the set {e,,..., e,}
and we will improperly write things like eey and yc X.

For further convenience we introduce a modified version of Ad(e). If
x €de, we let

d(e,x)={e'€d(e):x¢de'} ue

and for all open contours y =(e,,.., e,) with ¢;=[x;_,, x;],

Al(ys .\.”0) = U A(ei) v A(eh xo)
i=2

n—1

4'(y,x,)= ) dle)u dle,, x,) (1.14)
i=1
n—1

A"(V) = U A(ei) UA(el’ XO) U A(ens xn)

Sometimes it is more convenient to consider the forbidden sites, so we let
A(y)={xeZ? dy(x, A(y))=1/2} (1.15)

The boundary Jy of a contour is given by the usual boundary of y when y
is thought of as a set of edges. Thus Jy can either be empty or consist of
a pair of sites. Given a collection of contours y={y}, its boundary dy is
defined as i

dy= oy

rey

(notice that the boundary of a collection of contours is not equal to the
boundary of the set of all edges in some y € y). Given a set of edges X, we let

C(X)={y:yis a closed contour in X}
C(X, {x, y})={y:yis a contour in X with boundary dy = {x, y}}

822/85/1-2-5



66 Cesi et al.

Two contours y, and y, are said to be compatible if their boundaries are
disjoint and

Ay))ny, =  orequivalently  y, nd(y,)=g

A collection y of contours in X is called compatible if each pair in y is com-
patible. We define

C*(X, U)=the set of all compatible collections

y of contours in X such that (S_y =U

For simplicity C*(X) = C*(X, J) denotes compatible collections of closed
contours.

The interior of a compatible collection of closed contours y is defined
as

int2J=int[U y] (1.16)

rey

(the interior of a closed set of edges was defined in Section 1.1).

Is is straightforward to check that there is a one-to-one corre-
spondence between C*(X, U) and the set of all subsets Y < X such that
0Y = U. The collection of contours corresponding to the set of edges #”(o)
will be denoted by 4’ (o).

We introduce now the contour partition function, which is a basic
object in what follows. Let then X cc §%:, Ucc=Z2 and let 1 be a com-
patible collection of contours in X whose boundary is contained in U, ie.,
e C*(X, V) for some V< U. We define

Z/J’. J( X, U, 2‘) — Z l'\'/;_ J(}v)
yirvieCHALU) -
where the weight of a collection of contours is given by
“'/f.J(}’) = H “';e,J(Y) = 1—[ H exp[ —28J(e)]
rey yey cey

If the arguments U or } are missing in Z(X, U; 1), they must be interpreted
as the empty set, so in particular Z(X) is the sum of the weights of all com-
patible collections of closed contours in X. The notion of compatibility
between contours is such that we have

ZBI(X, Uy ) =2Z%7(X\4(X), U\6})
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If A == Z* is simply connected, we can express the usual partition function
as a contour partition function by

ZPr Ay =ZP7 (8%, 5B (+1))

A1

In the special case that A is a rectangle, 4=0Q, ,,, with {k] b.c. [see
(1.5)]. then an open contour will appear on going from «, to b,, where «,
and b, are the two extreme sites in the (k + 1)th row (from the top) of A*,
ie.,

ap=(—L—=5 M+3i-k), bi=(+L+3iM+i-k) (117)

and the partition function is given by

ZH ) =2 (8% fa b= Y w0 2R (R y)

ye L&Y, {ag bil)

Thanks to the duality properties of the 2D Ising model,''®' one can also
write the partition function with free b.c. as

78924, X)=2" [ cosh[ fJ(e)] Z*™7*(X) forany X<é, (1.18)

ceX

where f* and J* are determined by the duality relationships
¢~ % =tanh #*, e 2 = tanh[ f*J(e)*] (1.19)

Equation (1.18) implies

ZM-+(Ay=2"""1 T {cosh[ f*J(e)*]} ~' ZF"7"2(A*, &%) (1.20)

cedy

The critical value f, is determined by the equality .= f* Expectations of
products of spin variables can be expressed as quotients of contour parti-
tion functions'®

4 A A
> z (X. U) (1.21)

E/ 42 ( [T o(x) =)

xelU

where E% /.2 is the expectation with respect to the Gibbs measure associated
to the Hamiltonian (1.4).
We anticipate a result which will be useful in the following.
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Proposition 1.2. Let X, Y be two finite sets of dual bonds such
that X< Y and let
ZF(X)

fh=zm7n

Then F(J) is nondecreasing in each variable J(x, y) such that [ x, y]* ¢ Y\X.
Proof. Let A be any finite set of sites such that ¥ < &%. Then, by (1.18)

Z5I9( 4, X)

=rEa T

I1 cosh[ f*J*(x, y)]

e=[x, yl*e Y\X
Thus, if e ¢ Y\X, we have

1

5 e ) 08 P =Bl Zo(x) 0(y) — B o) o()
which is nonpositive by the second Griffiths inequality. ||

Contours with Free Boundary Conditions. A configuration o in A with free
boundary conditions produces a collection of contours y = ¥%(q) such that:

(1) _ycé"f‘,\éA.

(i) Each contour yey 1s either closed or open with its boundary
oyc ¥ (64).

So we let &, = &*\64 and for an arbitrary set of dual edges X and any
Ucc 72 we define
ax, )= () Cx V), CHX,cU)= ) C*X, V)
VelU VelU
There is a two-to-one mapping y—y' from C*(&%) to CX&,, =¥7(64))
given by

v=(u )\ a2

where it is understood that the LHS of (1.22) must be partitioned in the
proper way according to the splitting rules. In this way we can write, for
each simply connected A,

zZk Q(A) = DpP IcEl Z “"(2’)

7eCHEy =7 7(84))

The following proposition will be used later in the paper.
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Proposition 1.3. Let 4 be a rectangle, € Q
tour in ¥%(o). Then:

4, and let y be a con-

(1) If y is open, there exist 1'e C(6%\4"(y), 6y) and 1 e C(&£*) such
that A=yu ' and A€ ¥} (o).

(ii) If y is closed, then ye %} (o).

The proof is more or less straightforward and we omit it. We just
observe that the result is false for arbitrary shapes of A.

1.4. The Dynamics and Our Result

The stochastic dynamics we want to study is defined by the Markov
generator

(L% o)=Y, c(x, o) fla¥)—flo)] (1.23)

xeV

(in this subsection we consider § and J fixed and we mostly omit them)
acting on L*(Q, du",), where

X )_{a(y) if y#x
TR —ay) if y=x

In (1.23) ¢ denotes a configuration on the whole lattice Z2 which, in view
of (1.7), agrees with the b.c. 7 on V*. In general we identify L*(£2, du",) with
L*(2,, du’,). The nonnegative real quantities

elx,0), xeZ? ocef

are the transition rates for the process.
The assumptions on the transition rates are:

(H,) Nearest neighbor interactions. If (y)=0d'(y) for all y such that
d(x, y) <1, then ¢(x, o) =c(x, o').

(H,) Attractivity. If 6 <o’ and o(x) =0'(x), then
o(x)elx,0) 20 (x)c(x, o) (1.24)
(H;) Detailed balance:

exp[ —ﬁH'{’_\.}(a(x))] c(x, o) =exp[ —,BH‘{’_\.,( —a(x))] c(x, o¥) (1.25)
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(H,) Positivity and boundedness. There exist c,,( ) and ¢ ,,( #) such that

O<edf)y<infe(x, o) <sup e(x, o) <ep(f) < oo (1.26)

a, a N, T
Two cases one may want to keep in mind are

ox,o)= min{e‘/’—".\lﬂﬂ’, 1}
and
e(x,o0)=[1+exp(f4.H(o))] "
where

4. H(o)=HY, (—a(x))— H{ ,(a(x))

(H,)—-(H,) garantee that there exists a unique Markov process with semi-
group T7(¢) and generator L%. Here L% is a bounded operator on
L*(,du’,). The process has a unique invariant measure given by u’.
Moreover, u', is reversible with respect to the process, ie., L is self-adjoint
on LX(£, du’). Given o€ Q, we denote by o, the random configuration at
time ¢ evolving according to the process, so that

kS f(o,) =ff(a,) dP.=(T%(1)) flo), Voef2 such that g, ..=n,.

E” and P“ stand, respectively, for the expectation and the probability
measure associated with the process starting from o, at time zero and sub-
ject to b.c. g ..

The attractivity assumption implies (see, for instance, ref. 10):

1. If fis an increasing function on Q,, then T%.(¢) fis also increasing
for all 1 =0.

2. 1If py, p, are two probability measures on Q, such that p, <p,,
then p, T%(t) < p,T".(1) for all t=0.

3. For any g, ¢’ in Q such that o <d’, the standard coupling''® P7"
of g, o} is such that P%"{g,<a}} =1 for all 1>0.

This last property allows us to define a standard coupling of two
Gibbs measures which preserve the order of the b.c. Take in fact ¥%" as the
unique invariant measure of the (standard) coupled process (o,, o). Then
we have:
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1. "}'{}'I'{(U, U,):G=UO} =/,['{,(O'0) fOI‘ all Gy EQV.
2. M7{(0,0"): 0" =0} =u’(a,) for all o, € Q2.
3. Ifp<y, then 7 {(0,0'):0<0a'} =1.

A fundamental quantity associated with the dynamics of a reversible system
is the gap of the generator, i.e.,

gap(V, n) =gap(L%) =infspec(—L% | 1+)

where 1+ is the subspace of L*(Q, duil,) orthogonal to the constant func-
tions. The gap can be also characterized as

ELL S)

1.27
rerxe. ady Vari(f) 120

gap(V,n)=

where & is the Dirichlet form associated with the generator L,

ELLN=%Y Y wile)elx, o) fla¥)— flo)]? (1.28)

ge2 xeV

and Var’, is the variance relative to the probability measure u’,.
The main result in this paper is then as follows.

Theorem 1.4. Assume (H,)-(H,). If 8> f., then

lim

1
Jim [ “FeL+ D) log gap(Q,, B. /=1, g)} =1,

2. STRATEGY OF THE PROOF

2.1. Lower Bound
We proceed, following Section 4 of ref. 11, in three steps as follows.

Step 1. We replace the free boundary conditions with very week +¢
b.c., where ¢ is a small, positive number that will be sent to zero after the
thermodynamic limit L — oo.

Step 2. We prove the sought resuit for a generalized Glauber
dynamics in which single sites are replaced by suitable blocks. This mean
that, given a priori a covering { Q,} of ¥, at each updating of the dynamics
the spin configuration is changed in only one block Q; and there it is
replaced by the equilibrium Gibbs measure of the block given the configu-
ration outside it. It turns out that a convenient choice of the blocks in our
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case consists of long and thin overlapping rectangles with basis L and
height 2¢L + 1.

Step 3. We relate the gap of the single-site Glauber dynamics to that
of the generalized block dynamics in such a way that the estimates
obtained in step 2 are not significantly changed when we take the limits
L — o and &£— 0 in the stated order.

More precisely let J,=J5(Q,) [see (1.6)]. Then, using the varia-
tional characterization of the gap in terms of the Dirichlet form (1.27), one
gets

gap(Q., B8, 1, )= m e~ 12+ D gap(Q,, B, J,, +)

Cym

where ¢, and c¢,, were defined in (1.26). In order to prove the lower bound
on the gap, it is therefore sufficient to show that

lim lim sup

|
lim lim su —mlog[gap(ﬁ, Q1.7 +) <1, (2.1)

To establish (2.1) we take M =| el | and we introduce a covering # =
{R,} X | of Q, by means of rectangles

Ri=0, »+(0,h)

where the h; are chosen in such a way that the height of the overlap
between any two consecutive rectangles R; n R, ; is at least M/2 and not
greater than M (remember that the height of each R, is 2M +1). So we
assume that

hy=—L+M, hpey=L—M

(2.2)
MP2<h,—h; ., +(2M + 1) =height of the overlap< M
Let L%7+* be the new generator
K
(L )oy= 3, X ™ (N fle") = flo)] (23)

i=1 neQpg

Here, for any ne€Qpg, o” denotes the configuration in £, which is equal
to 7 in R, and to ¢ in Q,\R,. The generator L%’ *  in the sequel refered
to as the block dynamics generator, is symmetric in L (R¢,, dﬂg:“*) and
we will denote by gap(#, 8, J., +) the absolute value of its first nonzero
eigenvalue.
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Theorem 2.1 in ref. 11 relates the gap in the spectrum of the generator
of the single-site Glauber dynamics to the gap of generator L4’ and
states that

1 5
gap(Q;, B, J,, +)= T Cpe PCM+D gan(R, B, J,, +) (2.4)

(2L+1)

where ¢,, =inf, . c(x, o).
If we now combine (2.4) with the definition of M, we conclude that
(2.1) follows once we can prove that

lim lim sup —

1
—— 1 < .
e Lo ﬂ(2L+l) og[gap(‘@’ﬁa']e’_i_)] Tp (25)

Remark. It is important to remark at this point that our choice of
the parameters M and ¢ is different from that of ref. 11. There in fact the
only varying parameter was the size L of the square Q, and the numbers
&, M were directly related to L through the choice

€=L-‘]/2; M=L]/2+¢S

where ¢ <1 was a fixed number. Here, unfortunately, we cannot do that,
and we are able to take the limit ¢ —» 0 only after the thermodynamic limit
L — oo, The reason for this difference is that, for f§ close to the critical
value 5., we are still unable to controls the moderate fluctuations of an
interface of length L between the plus and minus phases, i.e., fluctuations
that occur on a scale L* with 1 <a <1 (see, e.g., the proof of Proposition
3.1). At very low temperature the powerful methods of the cluster expan-
sion are available and they give a detailed control of all fluctuations, from
the normal ones occurring on scale \/Z to the large ones on scale L.*

The advantage of studying the block dynamics instead of the single-
site dynamics is that the relaxation time can be estimated from above via
natural probabilistic methods in a rather precise way. Such a probabilistic
approach was developed in Section 4 of ref. 11 and its implementation
requires only two key equilibrium estimates described in the propositions
below. Once these estimates are at hand, then (2.5) follows.

Let us briefly recall the argument of ref. 11 in order explain the different
roles played by these propositions.

Let us couple the processes starting from the two extreme configura-
tions which consist of all pluses and all minuses, respectively, in such a way
that their order is preserved during the evolution. It is easy to show that
the relaxation time of the block dynamics can be estimated from above by,
roughly speaking, the inverse of the probability that, after updating in
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increasing order the blocks R, --- R, the two configurations have become
identical. In order to estimate from below this probability it is important
to distinguish between the first updating of R, and the subsequent ones.
In the first updating, in fact, the two new configurations will have a strong
tendency to disagree in R, since the typical configurations of the two Gibbs
measures x5 71, u% =+ in R, have the structure of the minus and plus
phases, respectively. However, using Proposition 2.2 below, one can show
that the probability of agreement in, e.g., R,\R, is not smaller than
exp[ — Btz + 14e)(2L + 1)], for any f> f,and any L large enough. On the
contrary, once the first updating has forced, via a large deviation, the two
configurations to agree in R,\R,, then, thanks to the weak +¢ b.c., the
next updatings will monotonically enlarge the region of agreement to the
next blocks R,, Rj,..., Ry with probability exponentially in L close to one.
The key technical result to establish this second property of the block
dynamics is Proposition 2.1 below.

Given these two results, one can conclude that the probability of
finding complete agreement at the end of the sequence of updatings is,
roughly speaking, of the same order as the probability of agreement in the
first updating, i.e., not smaller than exp[ —f(7;+ 14e)(2L + 1)] and (2.5)
follows. We refer the reader to Section 4 of ref. 11 for more details.

Proposition 2.1. Let > f_and let & ae (0, 1]. Given a positive
integer L, weset M = ¢eL |, k=|¢eL/10 . Let A=Q, ,,+ (0, s) be a vertical
translate of Q, ,, contained in Q, and let A be a vertical translate of Q, ,
(with M < N < L) such that the bottom sides of 4 and A coincide. We also
let

Ap={x=(x, x)€A: x, < M —3k + h}

Take J,=JZ(Q,). Then there exist Ly= Lo(B, a, &) and m=m(pf, a, ¢)
such that if L> Ly, we have the following:

(i) If the horizontal sides of 4 do not touch the horizontal sides of
0O, (and so the boundary coupling is identically equal to one on these
sides), then
phl=o(x)= +1} —ub = OUg(x)= + 1} <e™™*  Vxedy, (26)
(1) We have
phet{o(x)= + 1) —phleHo(x)= + 1} <e™™F  VYxe Ay, (2.7)

Remark. The intuitive meaning of the proposition is the following. If
we consider a rectangle as above, then the typical configurations of any
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associated Gibbs measure with full plus b.c. on the bottom side and weak
¢+ b.c on the lateral sides will coincide with those of the Gibbs measure
with full plus b.c. also on the top side, at least on all the sites not too close
to the top side.

Proposition 2.2. Under the same assumptions as in Proposition
2.1, let A4, = A\ Ay, and let I'()(a) be the unique open contour produced
by the configuration ¢ with boundary condition [0]. Consider the event

RL,e)={ceQ, I'Mo)c &% }

Alop

Then there exists Ly = Ly(f, ¢) such that if L > L,, then
ph 7= O R(L, ) = expl ~ Bz, + 14e)(2L + 1)] (2.8)

The proof of the propositions is postponed to Section 4.

2.2. Upper Bound
Following ref. 11, let f(o) be the trial function

fia)=x{m (a)>0} —y{m (o) <0} (2.9)
where

m (o) = o(x)

L
|4

Ne A
If we plug /, in the variational characterization of the gap (1.27), we get

L2 {Img, (0) <2/10, 1}
[~ 2{mg,(0)=0}

gap(Q,, B, &) <4c,(2L+1) (2.10)

The upper bound then follows once we show that, for any §>§,,

_ 1 2
him inf —m log l:”/é? {lmQL(a)I S@H =1p (2.11)

L—s o

In the framework of the rigorous Wulff construction, at very low tempera-
ture, Shlosman''”’ computed the logarithmic asymptotics of the probability
of rare events like {mQL(a)=m} when me{(—m*, m*) (in* denotes the
spontaneous magnetization) and, in particular, he proved (2.11). We are
going to show that (2.11) holds at any g = §., ie., that the following result
holds.
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Proposition 2.3. Let f>f. and me(—m*, m*). Then

1
im i - 8.2 - >
llLrn 1;11r 7 0 log[,uQL {mg, (o) =m}]=p(m)

where

1 /m*(B)—=(Im| v m)\'?
bt

=" 2m*(B)

where the constant w is the value of the Wulff functional W_on the Wulff
curve (see, e.g., ref. 17 or ref. 2) and the singularity point #1, satisfies the
equation

1 <w>/_
2"\ 2m*(B) =

The proof of the proposition is postponed to Section 5.

Remark. One can actually strengthen the above proposition by proving

that
cli_r’xz) Lli_r}ll —m log[,u/é'L@{ Img,(a) —m| <e}]=p(m)

We decided, however, to omit the proof of the necessary lower bound since
it follows without any significant change the proof given in Section 5 of
ref. 7 (see also ref. 20). It is interesting to remark, however, that, at least for
all values of m in the interval [0, m, ], the stronger version of the proposi-
tion follows at once from the result of the first part of the section. In fact,
if in the variational characterization of the gap we replace the trial function
f(o) defined in (2.9) with the new function

ga.mlo)=x{m (o) >m} —y{m (o) <m}, me [0, m*)
we obtain

Var%2(go, ) 2
Qp Qp.m/ g

e som )< , — ] < ——
dcp 2L+ 1) gap(Q,, B, Ny % {l”IQL(J) m| |QLI}
Since

lim sup 32 {mg (c)e[ —m*+ 0, m* =61} =0

L— o
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for any § >0 and any > §,., '" one gets that lim, , _ Var(g,,)=1. Thus,
using the correct Jower bound on the gap proven in the first part of the
section, we conclude that

lim sup —

1 2
— log|uh® —ml<s——| <
m su ﬂ<2L+nl°g[“QL Ime, (@) =m| |QL|] i

which is the same as the lower bound proven in the proposition above if
me[0,m,].

3. FIRST BASIC RESULTS

We consider the system on a rectangle Q, ,, with [ k] boundary con-
ditions [see (1.5)]. We let

I''*)(g) = the unique open contour produced by a configuration ¢ (3.1)

The aim of this section is to show the following result.

Proposition 3.1. Let f>f. and let &, 2 €(0, 1]. Given a positive
integer L, we set M =[¢eL |, k=¢eL/10 ], A(L)=Q, ,, and J=J!l(A) [see
(1.6)]. We also let

ML)={x=(x.xy)eA(L): x, =2 M -2k + 1}
and consider the event

FLe)={ceQ, I'Ma)=é¥,))
Then

. 1
lim inf —I log 15, 7PN F(L, s)")} =m(f, o, e)>0

L— o

Proof. Since F(L,¢) is a positive event, we can use the FKG
inequality and write

w4 e WL, e)) S phip PUF(L, €))

Then we notice that, letting R={x=(x,, x;)e A*: x, =M —2k—1/2}, we
have

RALefc{oeQ, T o)cé¥,}= {0eQ,: T a)2x)

xXeR
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where by I's x we improperly mean that one edge in /™ has x as one of its
endpoints, Le., that ¥ (I")5 x. Using now Lemma 3.2 and Propositions 3.6
and 3.7 given below, one can easily finish the proof. |

We start by rewriting the quantity we want to estimate in terms of
two-point functions in the dual lattice. Letting, for simplicity,

COF =BT )
we have the following result.

Lemma 3.2. Let f>0,J=0, let L, M be two positive integers, and
let A =0Q, 4. Choose now an integer k with 0 <k <2M + 1. Let ¢ and b
be the two extreme sites in the (k + 1)th row (from the top) in A%, ie,

a=(—L-3 M+i-k), b=(+L+iM+Li-k) (3.2)
Then for each x e A* we have

{ala)o(x))* {o(x)a(b))*
(ola)a(b))*

ub Ul ge @ . r'*e)s x} < (3.3)

Proof. If x coincides with a or b, the statement is trivial, so we
assume x#a,b. For all 6eQ,, we let I'=T)(g). If I'sx, then it is
possible to represent I” as

I'=(e| ..l €4 €p)

in such a way that a e de,, bede,,, and e, is the first edge whose boundary
contains x. We then let

I'=(e,..e;) and I's=(e;,,.,e,)

Iy is thus an open contour in &% with boundary {a, x}, but it has the
additional property that there is exactly one edge e in I'; such that de> x,
ie., I') cannot come back to x after a first visit. We denote by C(6%, {4, x})
the set of all open contours which satisfy this further requirement.

As far as I, is concerned, we observe that, since I is a contour, then
none of the edges of I', with the exception of perhaps the first lies in A(I")).
Let then ¢ be the unique forbidden edge of ¢, (not equal to ¢,) which
originates from x. Then it is possible that ¢,, , =¢ unless ¢ is forbidden by
another edge in I',. For this reason we claim that the set of all possible
pairs (I";, I';) is equal to the set [recall {1.14)]

(I, T"): T e C(6%, {a. x)), " € C(EX\A'(T", x), {x, b} )}
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Then we can write the “numerator” of the LHS of (3.3) as
Zﬂ. J. [A](A) ,Uf‘; J, [k]{Fa .\,}

= Y w)ZENAT)

recCiey. {a. bl

I'sx
= ) w(l'y) > w(I) Z(EE\AT)) - (34)
NeC&y {a.xt) Te CLENS (M x) {x b))

In general 4'(I", x) v A(T,) #A(I',) U A(I',) = A(T'); nevertheless, if y is a
closed contour which does not intersect 4'(I",, x)w A(I,), then one can
check, by considering all cases, that y does not contain the possible extra
edge ¢ forbidden by I'. So we have

Z(EX\MDY)=Z(EX\[4'(I), x)u A(T)])

As a consequence, the product of the last two terms in (3.4) can be written
as

ZFI(E*\L(T\, x), {x, b})
which, by (1.21), becomes
E//’,'J,?.;\%-'rl._\.,(ﬂ(-\’)O’(b)) Z(EX\A'(T'y, X))
Using the second Griffiths inequality, we obtain

LHS of (34) < {a(x) a(b))* Y w(I') Z(EX\A(), x))  (3.5)

Nec&% {a.xt)

A straightforward check shows now that the simultaneous substitution

C(&%, {a, x})— C(&%, {a, x})
AT, x) = AT}

has no effect one the RHS of (3.5). Thus, using (1.21) again, we get

Z(&)

'U{j{ 7. [k]{]"a _\‘} < m

Cola) a(x)>* {a(x) a(b)>*

which is equivalent to (3.3). |

The next proposition is a fairly general inequality which will be used
later. We use ideas contained in ref. 14.
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Proposition 3.3. Let Ac=Z? xe 4, and yed ™ A. Assume there is
a family of nested subsets

A=Ay>24,0---24,5x

For each i=1,..,n, let Y,=0%4, n(A4 U {y}), and let U, be an arbitrary
subset of Y, Let |J|,. =sup, ,czJu, v). For each re£ we define the
boundary conditions

_ (r(w) if ue(Au{y})
(ri)(u)‘{-_tl if uedu{y} (36)
Then we have
n—1
("ot =1} =" ot =1}1< ] 4, (3.7)
i=0

where

dy=1~ (Le=88W1x)2 Wiril

ue Yie \Uis1
Proof. 1In this proof f and J are fixed and we usually omit them. Let
a=pi{o(0) =1} i fotx) =1)
[notice that in particular g is the LHS of (3.7)]. Then we claim that
a;<bia;g, (3.8)
where

b;= inf b;(v)

veK,,ufl‘f
b,(vy=v{np#n' onY, .} =v{3ze Y,,, such that 5(z) #5'(z)}

and K(u,, it,) denotes the set of all couplings (joint representations) of u,
and u,. In fact, by the DLR property, for each coupling ve K(u';:, 15 ),

a;= Y vy, fox)=1} —pu7, {o(x)=1}]
n.n e

Since the sum is actually restricted over those #, #' which agree with 7 out-
side A, the quantity inside the brackets vanishes unless 7 ##' on Y, ., and
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(3.8) follows. So, what is left is to show that there is a coupling v such that
b,(7)<d;. To do that we apply the so-called “surgery technique”?® to the
standard coupling ¥ as in ref. 14, 1.e., we define for each 7,7’ Q2

z v /'l’{/H—I(a)'uUhH(a’)

nn
It can be shown (see, for instance, ref. 14) that 75" e K(u?, , 4% ). Then,
letting W,= Y \U,, we get

b0 )=1—=v}"{o=adon Y,  }

A, A;

<l —min (uy {o(x)=1Yxe U, ,})* ¥ "{o=0"on W, }

neQ /l

Hence, by FKG, we have

wh, fo(x)=1YxeU;,,} 2 [T wy, folx)=1}
~xe Uiy
2[%e—3ﬁlllz]lUf+|| (3'9)

On the other hand,

ﬁff-f‘{JZU’ on Wi+1}

Aj

21— ) 0 {o(x)#0'(x)}

xe Wiy

=1— Y [uj{o(x)=1} —ui{o(x)=1}]

xeWig
which, together with (3.9), implies b;(v ") <d,;. |
We now use previous proposition to show the following result.

Proposition 3.4. For each § < f, and a > 0 there exist m,(f, «) >0
and ¢,(f, @) such that, if 4=, , and Jis a set of couplings satisfying (i)
sup, . J(x, )= |J|.. <« and (ii) J(x, y)=1 if {x, y} n(4\34)%0, then
for all 7€ Q and for all x, y € 4 such that |x — y| = ¢.(f, ), we have

Covh " "(a(x), a(y)) Sexp(—m, \/|x — y|) (3.10)
E47Zg(x) a(y) <exp(—m,/|x— ¥|) (3.11)

Proof. Choose x and y in A and 7€ 2. Let then

()= (u) if uede
AR T | if ued

822/85/1-2-6
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Let also 4, = A\{y}. A straightforward computation shows that
CovA:7 "(a(x), a(y)) =4Dp’ " {a(y) = +1} u’ 7 {a(y)= —1}

where
D=;¢ﬁi“"’+{o(x) =+1} —,ttﬁ}"“{a(.\‘) =+1} (3.12)

Let now s=|x—y| and k=(L\/§J—10) v 0. It is possible to find &
positive integers /,,..., [, such that:
(a) Lzl +kand s=!/ +k
(b) If we set Ao=4, and, for each i=1,..k, 4, =4 Q,(x) and
Y;=0%4, n A, then we have
#{ue, du,od,)=j} <2 Vi<k—2 (3.13)

For each i=1,..., k and u e A, we define B;(u) as the largest square centered
on u, contained in A; and such that J(v, z) =1 if either v or = is in B;(u).
We have then

Bi(u) = Qazi(uj(u)
where
o, (u)=d(u,o4;)—1

Because of the definition of the B;(u) we have

Wi o) =1} =l ol = 1)

B.J=1+ AJ=1 -

S:UBi(u) {J(M)zl} —"uBi(u) {O'(Ll)=l}

Thanks to Theorem 2 in ref. 5 we know that there exist C(f) and m(8) >0
such that, for each ue 4,,

phr fo(u) =1} —uh = Lo(u) =1} < C(f) e~™mBI =t (3.14)

We take an integer r(f) such that

C(B) Z e-mbigl (3.15)
J=rif3)
and let

Ui={ueY;: du, o4)<r(f)}



2D Stochastic Ising Model

83

If we take L large enough, we can assume k = r + 2 and, thanks to (3.13),

U1 <2(r+1)

In this way, letting W,= Y,\U, and using (3.14), we obtain

A= T WA o) = 1) —ph " fo(u) =1}

ue Wigy

<Y CBY e P 4 {ue Wiyt ay(u) =)

j=0

By (3.13) and the trivial bound |W;| <4(2/,+ 1), we get

k-2
A,‘< Z 2C(ﬁ) e—ntl(ﬂ)f+4(21i+l+ l) C(p) e—ml(ﬂ)(k—l)
i=

K25+ 9sC(f) ek -1

which implies
A, <

1

(I

if $ =|x— y| 2 q.(f, «) with ¢-(B, a) large enough.
By {3.12), Proposition 3.3, (3.16) and (3.17), we find

D é[l _ %(I;E—S,IIIJI-,,):’JW»I]I(

(3.16)

{(3.17)

which gives (3.10). Inequality (3.11) is obtained by taking Ju, v)=0 if

[u,v]*¥*e04. |

The previous result can be improved to get an exponential decay,

thanks to Simon’s inequality.

Corollary 3.5. For each f<f, and a>0 there exist niy(f, a) >0
and Cy(f.a) such that, if 4 and J are as in Proposition 3.4, then for all

X, y€ 4 we have
ECII g QO’(.\') 0'( ,V) < C3e~mz Ix— ¥l

Proof. Let lo=1,(f, a)> q+(f, «) be such that

420, +1ye™mVhi=p <1
and let
Sflu, vy =EE 7 P o(u) o(v), u,veAd

(3.18)
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Theorem 2.1 in ref. 18 says that, if |[x — y| >/, then

flx, )< Y flx,z) flz, »)

zedz—x|=l

Iterating this inequality, we get
S(x, yy bt x=au

which proves the corollary. J

Proposition 3.6. For each f<f.,a>0, and >0 there exist
Cy(f, o, t) and my(f, «, t)>0 such that, if A=Q; ,, and J is a set of
couplings satisfying (i) sup, ,J(x, y)=|J|, <« and (ii) J(x, y)=1 unless
[let x=(x,, x1), y=(y¥,, y2)]x,=y,=—L or x;=y,= + L, then for all
X, y€ A such that |[x,— y,| =1 |x, — y,| we have

E% 2 0(x) 0(y) < Caexp(—B*tpn [x) = yy | —my [xs— y2]) (3.19)

where 7. is the surface tension at zero degrees.

Proof. The idea is to use the Lieb improvement of Simon’s inequality
in order to get rid of those sites where J# 1 and obtain the surface tension
in this way.

Define

falu, v) =E& P g(u) o(v), u,ve A

If |x;,—y,;|<3, then (3.19) is a consequence of (3.18). Assume then
yi=x;+3 and let

=(z;,5)ediz; =x +1}

={z 2
={z=(z1,)ed:z,=y,— 1}
Define also
A'={z=(z),z0)€ed: 5, 2x,+1}
=

]

=(zl’zl)€A:-\'1+lS:lgyl_l}

By Lieb’s improvement''”’ of Simon’s inequality (as given in Theorem 2.2
in ref. 18) and by Griffiths’ second inequality we get

xS Y fulxn2) [z IS Y Y fulx2) fae(z u) fulu, p)

==y ceB) ue b



2D Stochastic Ising Model 85
Since J=1 on A" we can write [using (1.10) and (3.18)]

FAx )SCBa)? Y Y expl —Brrplz—u)

ze B ueB
—my(B, a)(|x—z| + lu— y])] (3.20)
Let 0 <9< n/2 be such that
lz2—us| =1z, —u;| tan 9

The RHS of (3.20) can be written as 4, + 4,, where A4, is the contribution
of those terms with
tal

. Ss=
sin(3)=s 100

and A4, is the sum of the other terms. Using (1.11), we get for each term
in 4,

B*tpe(z—u) +my( B, 0)(Ix — | + |u— yl)
= f*tpe(0) |2y —uy | + B¥Ds™ |z —ul + Bms( B, a)(|x — 2| + |u— y|)

N m-
> 05 = 3= 20+ (205 4 52 L= |

+B T (x =2+ u =)

while for the terms in 4, (remember that |[x,— y,| =t |y, — y,|) we write
B*tpe(z—u) +my( B, a)(|x —z] + |u—y])

m
2 B*1,4(0) [z —u,y | +ﬂ?3(|x2“}’2| —luy—z21)

m
+B5  (Ix =zl + lu—yl)

> Brepe vy =y =2+ B s = yal 4 B (v =zl + lu— )

In this way we obtain

A +4,<C, exP[_ﬂ*Tﬂ*(O) |xy =y, =2] = Bmy |x2—y,1] |
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Proposition 3.7. Under the same hypotheses as in Proposition
3.1, we have

lim inf

L _(2L+1)10gE£’;:-J“Q ola)a(b j|<ﬂ-[/}

Proof. We just need to observe that, thanks to the second Griffiths
inequality, since J* =1,
EfL72a(a) a(b) 2 Ef S ala) o(b)

which, by duality, is equal to
ZI;’) [’\']( L)
ZE+(L)

The proposition then follows from the definition of surface tension. |

4. PROOF OF PROPOSITIONS 2.1 AND 2.2
4.1. Proof of Proposition 2.1
To prove part (i), let V' be the top portion of A of height 2k, ie.,
V={x=(x,,x:)ed:x;2h+M—-2k+1}
and let F(L, ¢) be the event
FlLey={ceQ, I'"lo)cé}

Then, using FKG, one shows (see the appendix in ref. 11) that for any
XE Ay

phitao(x)= + 1} —p4 7Ol ag(x)= + 1} <pf N FRL, €)9) (4.1)

which, combined with Proposition 3.1, yields (i) of Proposition 2.1.

To prove the second inequality we observe that, using the DLR equa-
tion and a standard coupling argument, it is sufficient to prove the required
bound only for x =(x,, x,) with x, =h+ M —3k. We set

A J
{A’ 7 Z] =pho(x)=+1} —ph7 "{a(x)= + 1}

and, for simplicity, we denote by O the coupling J5 and so on [see (1.6)].
There are three cases to consider.
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Case 1. 6,A4=06,4A=05,0Q,. The LHS of (2.7) can be written as

P RPN

A and C can be estimated with (2.6) (for C one has to flip A upside
down), while B is nonpositive.

Case 2. 0,A=0,A#6,0,; and 6,4+ 6,0, . In this case we write

Al +

LHS of (2.7)=| —
of (27 [A||+

|=a+2

Case 3. 0,A4=06,4#0,Q0, and 6,=9,Q,. We have

(AT +] [ AT+ A [0] Al + ] _
LHSOf(2‘7)"[Zn+]_[Z||[0]]+[/T|I+]<[All[0]}_A !

4.2. Proof of Proposition 2.2

Case 1. 0,4+#9,Q,. In this case, by monotonicity,
LHS of (2.8) > u (F(L, £); B, J}(4), [0]) (42)

(the inequality is strict only if 5,4 =4,0,). The RHS of (4.2) tends to one
as L - oo by Proposition 3.1

Case 2. 0,4=0,0,. We first observe that

u/i‘ .In.[O](F(L’ 8)) > e—Sﬂc(2L+l)M{fl..7[. [OJ(F(L, 8))
where
- e on the bottom side of 4
JAx, y)=

1 elsewhere

Define now a,vb as in (3.2) with k =0. Let also denote with by 4 and B the
two subsets of A\A*(I") that are respectively above and below I". Then we
can write

_ 75 —(A Zﬂ’j"+ B
WAL= Y wnZ 2By
recies, Aa.bh 787 101 1)
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Notice that for any "= &%, we have w;(I") =w(I"). Using now the spin-

Awop

flip symmetry, we obtain

Z8 7103 4) <exp[2B(|6, 4] + 18, A1) + 2B 16, 4|11 ZF 7~ (4)
<[exp(9BeL)] ZF7*(A) (4.4)

Next we consider the ratio

B, Je. +
G(E)Eﬂ
Zﬂ'J“'+(A)

and we claim that there exists m=m(f, ¢) >0 such that

Zﬂ‘j”‘+(B) Zﬁ‘+(B)
Z/].jz.+(A)/Zﬁ~+(A)

exp( —fe~"t) (4.5)

To prove it we compute the logarithmic derivative of G, obtaining

4

—log Gla)=f y [EZL 7 *(g(x)) — Ef 7o +(a(x))]

x=(x]. ) €edA
Ny = —M

gl)’ Z [E/}'j"'+(G’(,\'))—Eﬁ‘j"'+(a'(.\'))] (4.6)

Abot
XN=(x].x2)€edA
Nn=—-M

Part (ii) of Proposition 2.1 applied to A, and A implies that
RHS Of (46) SB(ZL + 1 ) 2e—ml/)'. a.c’) L

where m is the quantity given in Proposition 2.1 and ¢ is such that the
height of A, is given by | &'L |. If we redefine

m(B,e)=3% inf m(B, a,¢)

ae[e. 1]

we get (4.5) for L large enough.
If we now combine (4.4), (4.5) and use Proposition 3.1, we find

ZE [0](/1)

RHS of (4.3) = exp( —9feL — fe—"%) m

w5 (L, €))
Zﬁ.[o](A) .

= exp( — IOﬁEL) W
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On the other hand, we have

ZB [0](/1) L ZPB ["'](A)

7 ¢ 7 (48

Finally, we use duality together with Proposition 3.7 to get that

lim sup — 1 o Z5 ) 4) 3

Thus we can conclude that there exists Ly(f, ¢) such that, if L> L, then
we have

/l{,’;‘ gy, [O](F(L, 8)) 28—8/15(2L+1)—ll/}eLe—lirﬂ(2L+l)

— s 2
>e Blrg+ 14ey 2L + 1) I

5. UPPER BOUND ON THE PROBABILITY OF
A LARGE DEVIATION

5.1. The Variational Problem

We start by stating in a precise way the variational problem which is
preliminary to the proof of Proposition 2.3.

We denote by 2 the set of all rectifiable curves y e R* such that y is
either a closed curve inside the unit open square 0= {(x, y)eR*: 0 <x <1,
0<y<1} or it is an open curve, which, with the exception of its end-
points, is entirely contained in Q. We let &, denote the set of self-avoiding
curves in %. The collection of families (finite or countable) of curves in
2(%,) will be denoted by *(Z¥).

Clearly, any y € &, splits the square Q into two disjoint connected sub-
sets denoted by A, B.; we set V(y)=min{|A4,|, |B.|}. We also define, for
any curve ye %, the Wulff functional W(y) as

Wiy) =I (7)) ds

7

where s is the length parameter of the curve y and t(7,) is the surface ten-
sion at inverse temperature f in the direction of the normal 77 to the curve
y at the point s. Finally, we define the function ¢@(v), 0 <v< o, as

inf W(y) if 0<v<i

yeZ Viy)=v

@(1/2) if i<w

—
w
—
~—

@(v)
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@(v) can be computed exactly [see ref. 17, where, however, there is a mis-
take in the expression for @(v) due to a misprint]

5 )_{%wﬁ if 0<v<u, (52)
= 7(0) if ve<v

where the constant w is the value of the Wulff functional W/{y) on the Wulff
curve y. € R? enclosing a unit area (see, e.g., ref. 17 or ref. 2) and the
singularity point v, satisfies the equation

éw\/a=r(0)

Notice that if for any me [0, m*] we set V(m)=(m* —m)/(2m*), then
@( V(m)) = @(m), where @(m) has been defined in Proposition 2.3.

For future purposes it is convenient generalize a little bit the definition
of @(v) by showing that the infimum in (5.1) can be taken not only over
a single curve, but over a family ¥e 2* With this goal in mind, given a
family % € 2*, we fix an arbitrary point x, € @ in such a way that x, does
not lie on one of the curves of 4 and we define the set 4, as the union of
those points x € Q such that any path connecting x with x, and intersecting
in a finite number of points the curves in ¢ intersects them an odd number
of times counting multiplicity. We define the phase volume of the family
4, V(%), as the minimum between |4,| and |Q\4,|. Using the above
definitions, we have the following result.

Lemma 5.1. Let W(¥%)=3, W(y;). Then, for any O0<ov<! the
following holds:
G(v)= inf W)

Jez*
Mgrzre

Proof. 1t is clearly sufficient to prove that for any 0 <v <1

@(v)< inf W(%)
Geu*
nMgyzre

Given a family ¥, we assume, without loss of generality, that its phase
volume coincides with |4, |, so that |4, | < 3. Let now { 4*} be the decom-
position of the set 4, into mutually disjoint connected components and
let, for any given a, y{--- %, ko < 4 00, be a decomposition of the curve

0A4* n Q into countably many self-avoiding curves in . Using the fact that
|A%) < |4,| <1, it is not difficult to check that

ka
Y V) =4

i=1
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so that

ka
Y Y Vo= |Agl =G 20

o i=1
Moreover, it is obvious that
kq
wg)=Y Y Wiy
a i=1

Thus we immediately conclude that

inf W(¥%)=z inf WY9) (5.3)
Gez* Gea}
Marzre Ty ze

We observe at this point that, because of (5.1), (5.2), one has

Wiy)ze(Wy))  Vyeg,
and

) co(u,.>>qo<_z' u,.> V{v} 2,

i=1 =1

Thus the RHS of (5.3) can be bounded from below by

inf YoMy =9 (Z V(y,-)> > @(v)

Vi Va i W€D

iV ze

and the lemma follows. ||

5.2. Proof of Proposition 2.3

The proof of this result follows closely the proof given by Ioffe’® for
the case of + boundary conditions. Before starting, we need to introduce
some more notation.

In the following A will always denote the square @, . and for simplicity
we let N=2L + 1 be the length of its sides.

We then choose two real numbers 0 <v < b < 1 and we say that a con-
tour I' is b-large either if it is closed surrounding an area larger than L,
or if it is open and it splits the set Q, into two parts each of which has an
area larger than L?®. Here we adopt the convention that the area of a finite
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set A = Z? is simply the number of sites of 4. The subscript b in objects like
Cyl(-), CX), ¢ f ,(0) means that we consider only b-large contours.

Given a sequence (u,,..,u,) of dual sites in A* we denote by
P=[u,,.., u,] the polygon

[ul""’ un] = 1 [ui—l’ ui]

i=2

If u,=u,, P is said to be closed (6P = (), otherwise it is open and its
boundary is 6P ={u,, u,}. We call P a v-skeleton if

¥

1—2<|.\‘,~+1—x,~|2<L" Vi=1,.,n—1

Given now a contour y, we say that y is consistent with a v-skeleton
P=[u,,.,u,] and we write y ~ P if:

(1) Jdy=09P.

(i) The vertices of P lie on y in the order corresponding to the
natural order of the vertices of y.

(iii) The Hausdorff distance between any edge /,=[x~,_,, x;] of P
and the part of y connecting x;_, with x; is not greater than L".

Using the construction of Lemma 5.11 in ref. 2, is easy to check that,
for any L large enough and any contour y with diam(y) > L*, there always
exists a v-skeleton S consistent with y. In particular, for any L large
enough, it will always be possible to associate a particular v-skeleton S to
any b-large contour y. We assume that a definite choice has been made
once and for all, and $(y) denotes the skeletons of y. Finally, given a set
S =1{S,,.., S,} of skeletons, we denote by E(¥) the set of all configura-
tions o € 2, such that the family of the v-skeletons of their b-large contours
coincides with &. We also set

W)= ), W(S)

i=1

where, for any v-skeleton S=[x,...., x;],

w(s)= (X, —x; )

ek

i=2
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Notice that, for a given v-skeleton S, the number k of vertices of S and the
value of the Wulff functional W(S) are related by the following simple
inequality, which follows from the definition of W/(S) and from (1.12):

7(0) L"

w(s)=
(5)=2—;

k (54)

Given 0 <d < ¢(m), we define the event
K={a: W(S(c)) = (e(m)—d) L}

where $(o) denotes the collection of the v-skeletons associated to the
b-large contours of . Clearly, $(g) can also be the empty set. Then we
write

152 m (o) =m} <pb P{m (o) =m|K} +ul: 2(K) (5.5)
The second term of (5.5) can bounded from above by adapting to our case

the technique of Section 10 of ref. 16. More precisely, we have the following
result.

Lemma 5.2. For any f>f.

lim inf _,EIJT/ log i 2(K) = @(m) —d

L—x

Proof. We write

152K < > w*2(ES)) (5.6)
'yv={sl ----- Su}
Wi yzlomy—d) L

In order to estimate the generic term u” 9(E(%)), we will use the following
lemma (compare with Lemma 10.1 in ref. 16, where 4+ boundary condi-
tions are considered):

Lemma 5.3. Let ¥ ={S,..., S;} be a collection of v-skeletons. For
any f>f. -

HE(E(S)) eI

Before proving Lemma 5.3, we finish the proof of Lemma 5.2. For
each collection of skeletons &, we let N(&) be the sum of the number of
vertices of all skeletons in &, and A, is the number of & with N(¥)=k.



94 Cesi et al.

Only terms with N(.%)<2 |A*| contribute to the RHS of (5.6), so using
(5.4) and Lemma 5.3, we have, for all e (0, 1),

9L v
RHS of (5.6)<exp[ —(1 —¢) B(o(m)—d) L] ). A, exp<—s§q;T“>
k=1 =

A very rough estimate of A4, is given by
A, < (2L + 2 KXk
where the first term takes into account the choices of the vertices in A4*, the

second term is a bound on the number of possible partitions, and the last
term accounts for the different arrangements. Since k <9L>, we have

Ak < (9L2)3k SelOk log L

which implies

RHS of (5.6) <exp[ — (1 —¢) f{op(m)—d) L]

9L2 LY
Y exp [ ——<£ﬂ;/(’) —101log L> k]
k=1

Since ¢ can be arbitrarily small, we have

. 1
llerlle ~ﬁTvlog,u/’Q'L®(K) >@(m)—d

We are then left with the following.

Proof of Lemma 5.3. To simplify the notations, we consider the case
of a single v-skeleton S=[x,,..., x,]. The proof relies on the following two
inequalities:

Z(&3\A())

re Cl&%.5S) Z(ff,)
»~S

1 P(E(S)) < (5.7)

and, letting ' =[x,.... X,,_1 1

Y Z(EENA) SEEP(alx, ) alx,) Y Z(EXN\A(y) (5.8)
7€ ClLEX. IS) ye (1&85.05")
y~S y~ S
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The proof of (5.8) is almost identical to the proof of Lemma 3.2, so we
omit it. Iterating this inequality and using (1.10), one gets Lemma 5.3 if
(5.7) holds. To prove (5.7), we let &, =&*\d4 and we have

wWhP(ES) <puhP{oceQ,:Iyed?,, S(y) =S}
< Y uhPlye90)} (5.9)

ye C(£4.08)

P~

Then we set J=J§(A) and, using Proposition 1.3, we write
15 2lye9%(a)} < by whP{yul eg (o)}
Me C(éfj\.}!"(;'). J3)

= > uhlrtyud egi(o)}  (5.10)

e CLENL" (7). 8y)
Moreover, if we let A=y u A, we have

Z7(&*¥\A(2)) Z7(E¥\4"(y))
ZN(&xN\A"(y))  Z/(&

whl e g (o)) =wiy) wid)
(the weight of y has no J superscript, since y has no edges on dA). Even
though in general A(1)> A4"(y) U 4(A'), it is easy see that
ZHENAA)) = Z7 (654" (y)  A(X')))
Using the identity (remember that dy = {x, x,})

ZJ (% " ,
> w, (1) (‘531\(4’ (V)”UA(X )))
Ve CaNA" (). 87) Z(E%\4"(A))
= E./fj‘.{,‘:"’?i_’l"(y)(a('\-l )0’(.\’,,)) (51 1 )

and the fact that the above quantity is less than or equal to 1, we arrive at

Z/(6%\4"(y))
B. D A
Wi PES)) < w(y) ——— (5.12)
8 ;veC(@lZ{‘.\'l..\'n}l Zj(éj)
y~S

Thanks to Proposition 1.2, we know that we can replace J with J=1 in the
RHS of (5.12), obtaining an upper bound. In order to complete the proof
of (5.7), one has to check that

> w(y) Z(E%\4"(y)) = Y w(y) Z(6%\4(y)) (5.13)
re C(E . {x1.xal) yeCEL AN xab)

¥y~ ¥~
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Fig. 4. Changing the splitting rules.

This equality follows from the existence of a bijective weight-preserving
mapping from the set

{(1,2):ye &y, {x1, x,} ) e CHEX\L" ()}
onto the set
{(7, )y e C(E%, {x1, x,}), A e C¥EXNA(Y)))

Such a mapping is obtained as follows (see also Fig. 4).

Let X be the set of all edges contained either in y or in one of the con-
tours e 1. Then X is a set of edges with 6X = {x,, x,}. Split now X according
to the splitting rules. The outcome is a collection of contours one of which
is open with boundary {x,, x,}, while the rest are closed. We let y’ be the
unique open contour and 4’ the family of closed contours obtained. One
can check that this is actually a bijective mapping between the two sets
given above.

This completes the proof of Lemma 5.3. |

In order to finish the proof of Proposition 2.3, it is now sufficient to
show that

1
lim inf —ﬁvlog;tﬁ'g{nu,(a):le’} =+ (5.14)

N—= o«

We then denote by R the set of all ye C*(é,, c 77 (64)) such that
W(S(y)) < (@(m)—d) L and we write

w5 2{m (o) =m|K} <sup u’; 2{m (o) =m|%% (o)=y} (5.15)

yeR

Bounds on (5.15) when y+# . We postpone to the end the analysis
of the case y= . If y # &, we can split 4 as a union 4 = Ay uB(y) as
follows: let 1 and ¢ be the two elements in C*(&*) which are mapped into
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y by (1.22). Order now the elements of C*(£%) is some arbitrary way and,
assuming that A precedes J in this order, define [see (1.16)]

A(y)=intd,  B(y)=A\A(y)=int 3

Let also [see (1.15)]

and
Ay)=ApND5(y),  B)Y=Ay)\L5(y)

Then we have the following result.

Lemma 5.4. There exist d'=d'(f, d) >0 and Ly, d) such that for
any L> L, and for any y e R with y # @&, if we let J=JF(A4), we have

15 2 {m (o) =m|92 (o) =y}
<x{1d4l 2 d'N?} 1y 5+ {Im (o) —m*| = d'}
+x{|Bl = d'N*} s 5" {Imgla) —m*| =d"} (5.16)

where the subscript b means that the measure is conditioned not to have
any large contour, and we have set 4 = A(y), B=B(y).

Remark. The couplings J have the effect that the + boundary con-
ditions act only on 5A4\6A4, while we have free boundary conditions on
0A N dA (similarly for B).

Proof. We assume that L and y have been chosen satisfying the
hypothesis of the lemma, and we let 4°= 4%(y) and so on. Let & = S(y) be
the set of the skeletons of the large contours. Since W(¥) < ((p(m)—H) L,
the volume of A° satisfies

|45 | < CN'+2 (5.17)

for a suitable constant C independent of L./"®’ Moreover, using Lemma 5.1,
(5.3), and the fact that @(m) = @((m* —m)/(2m*)), we get that there exists
&(d) >0 such that the phase volume V(&) is bounded by

2m*

&)< (1 —e(d)) (m**m> N2 (5.18)

for any L large enough. Finally, we assume, without loss of generality, that

|4| <3N?

822/85/1-2-7
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Then, using Lemma 5.13 of ref. 2 and (5.17), we get that
4| = NS <C N>

for a suitable constant C,, so that, using (5.18),

ed)\/m*—m\ .,
|A|<<1—T>< py >N and |B|>2N (5.19)

for any N large enough.

Fix 0 <d’ <1 and let us distinguish between the two cases (i) (4] <
d'N? and (i) |4| > d'N>

In the first case, if we denote by mig(o) the (normalized) magnetization
inside B, we get

img(o)—m| <2CN>»~ ' 424’

and the lemma follows for d’small enough, since 2v < 1.
In the second case, let us suppose that

llmg(o)] —m*| <d’ and [m (o) —m*| <d’

Then, using (5.19) and the fact that the total magnetization is equal to
m 20, it is clear that mz = m* and m , ~ —m* for d' small enough, so that

* _
4] =) el o 2w

2m*
for a suitable constant C,. Thus, by taking d’ small enough independently
of L, we get a contradiction with (5.19). The lemma follows from the trivial
estimate

uE (|~ m¥ = d'y <pdt{im,—m* 2d’) )

We are left with the estimate of the two terms in the RHS of (5.16),
that is, thanks to (5.17), with the estimate of

sup whs{Im (o) —m*| = d} (5.20)
A=Q;
ANI<|A|S N2 NP |8+ 4| S ONI+2Y

where J=JJ(A4), so that the + boundary conditions act only on d4\d4.
Let, for any ce Q2.

%(0)={xe 4:3a path from x to 94 inside 4
such that o( y) = — 1 along the path}
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Notice that if ue 4 is such that d(u, 4°) > N, then p% 7 *-almost surely,
u¢ %(o), since otherwise there would be a cluster of minus spins inside 4
with area larger than N?* and, by consequence, there would be a large con-
tour inside 4. Hence

|€(a)| <4N'*2  uh % *-almost surely (5.21)

We then denote by %* the collection of all ¥<=A such that

wh b {6 (o) =%} >0 and we write

155 {Im (o) —m*| > d}

< sup ph s {imyo)—m*| = d |%(0) =%} (5.22)

CeC*

Given now € € 6*, let =6 U0+ % U dQ, and let A’ = A\%. By construc-
tion we have that any o€, such that ¢(g)=% satisfies o(x)= +1
Vxed* A'. Moreover, thanks to (5.21), we have that

3d

Ar >_N2
e

for any N large enough, so that
|m (o) —m (o)| = d/2

for any N large enough. Thus we can bound from above a generic term in
the RHS of (5.22) by

Wi+ m (o) —m*| > d|€(0) =€)
{
<ui{im.ote) -] >3t

whrtm (o) = m* + dj2}
%+ {all contours are small}

d
<ph {mA.(a)<n1*——}+l (5.23)

2

Using Lemma 3.1 of ref. 8 (see the appendix of ref. 18 for a simplified
proof), we have

ub, {m,(a)gm*—g}sCexp(—CN2‘4”) (5.24)

for a suitable positive contant C. To bound the other term, since

104'| < |0A] + |G| SCN'*> £ 20N+ AN N,  y<2
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for any N large enough, we can use inequality (4.8) in ref. 8§ and we get
d 2
ub {mﬂ,,(a) =m* +§ <C,exp(—C,N-) (5.25)

for any N large enough for a suitable constant C,. We finally estimate the
denominator in (5.23). We have

£+

wu’%.*{all contours are small}

> 1 — /. " { there exists a *-path of — spins with diameter > L} (5.26)
> 1 — u *{there exists a *-path of — spins with diameter > L"} (5.27)
where we have used the FKG property in the second inequality and zx**
denotes the infinite-volume plus phase. Finally, using the results of ref. 1,

we have that the RHS of (5.27) tends to zero as N — . If we now combine
(5.24)-(5.27), we get that

N—

.. 1
lim inf —ﬂ—Nlog;t{‘,'@{m.,,(a) =m|K} = +o0

and Proposition 2.3 follows. |

Bounds on (5.15) when y= . We finally estimate
whg{m (o) =m|%, =} (5.28)

For this purpose let A={xeA:d(x, d4)> N*}. Then we have that p*; @
almost surely there exists a closed *-path % < A\A encircling 4 such that
either c=+1 on 4 or = —1 on %. This is so because on the contrary
there would be two paths of spins of opposite sign connecting 84 with 9.
But this implies the existence of a b-large contour between them. Given
now a closed *-path ¢ < A\ encircling 4, let 4 be the region enclosed by
%. Since by construction |m (c) —m (o) K4N?* !, we get

(5.28) < sup sup whifIm (o) —m| <4N* 1} (5.29)
=4 AdAc.d com_lcc\cd
Ao

We can now proceed as in the previous case and obtain

. 1 2
lim inf ———log | sup sup  whii{im (o) —m|<4L* "} ]=+w |1
N— = ﬂN t=* <A connected )

Ao A
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